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1 Preliminary remarks

What we require is a way of treating initial conditions which, in conjunction with the boundary conditions
and other driving forces, do not satisfy equilibrium (in the sense of a general balance equation) at t = t0.

If such an “incompatible” or “non-equilibrium” state is provided, the first equilibrium iteration will gen-
erally drive the process to equilibrium with potentially large solution increments, or even fail.

In certain conditions, in which it is practically not feasible to determine a self-consistent initial state,
we want to drive changes in the process only by a change in the external driving forces and suppress the
initial equilibration.

The initial values of all variables will nevertheless fully enter constitutive relations.
The following allows all sorts of computations, so handle with care. With great power comes a great

need to know what you’re doing.

2 Small deformation

2.1 Alternative (generalized/residual-based) treatment

Consider the standard formulation:

∫

Ω

BTCBdΩ∆̂=

∫

∂ ΩN

NT t̄dΓ +

∫

Ω

NT%bdΩ−
∫

Ω

BTσdΩ

︸ ︷︷ ︸

= r

(1)

The residual here corresponds to the out-of-balance forces. Let σ be initialized to some initial value,
and the external tractions and body forces also have an initial value. Now we can distinguish two cases:

1. The initial stress is in equilibrium with the external forces. In that case, r0 = 0 and only a change in
boundary conditions will cause a deformation.

2. The initial stress is not in equilibrium with the external forces. In that case, r0 6= 0 and we would
obtain an immediate deformation even without any change in boundary conditions.

If the latter behaviour in case 2 is undesired (often the case) because it is impossible to obtain a self-
consistent initial state, we could introduce a keyword1, which simply takes the residuals obtained by as-
sembling the initial state, stores them in a nodal vector, and subtracts them from now on from the standard
residual, turning it into a modified residual:

Foob
0 = r0 =

∫

∂ ΩN

NT t̄0 dΓ +

∫

Ω

NT%0b0 dΩ−
∫

Ω

BTσ0 dΩ (2)

∫

Ω

BTCBdΩ∆̂=

∫

∂ ΩN

NT t̄dΓ +

∫

Ω

NT%bdΩ−
∫

Ω

BTσdΩ−Foob
0

︸ ︷︷ ︸

= rmod

(3)

This in turn provides us with the following options:

1. Case A: total stress form is retained by default. Also, if consistent initial states are provided, r0 = 0,
and equilibrate_initial_state or neutralize_initial_imbalance would simply return
a zero-vector. Whether or not the keyword is set makes no difference.

1equilibrate_initial_state or neutralize_initial_imbalance
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Figure 1: Test cases for the small deformation process.

2. Case B: Incremental form. If external loads not in equilibrium with initial stresses are provided,
again only a change in these loads will now cause deformation because the initial non-equilibrium
fraction is neutralized by Foob

0 . If all external loads are initially set to zero, then the simple incremen-
tal form is recovered, as in that case

Foob
0 = r0 =−

∫

Ω

BTσ0 dΩ (4)

in which case only non-zero driving forces cause deformation. Intermediate cases such as b 6= 0
and t̄ 6= 0 are likewise possible.

There seem to be several advantages to this approach: The treatment is easily generalized to other pro-
cesses without introducing a range of non-equilibrium initial states in addition to the actual physical ini-
tial states (less potential for confusion). Also, body-force effects due to density variations are covered
naturally.

2.2 Test case

The test cases illustrated in Fig. 1 using the above formulations have been added to
Tests/Data/Mechanics/Linear/Initial_States.

3 HM process

The linearised discretized weak forms of the two governing equations read:

∫

Ω

BT
uCBu dΩ∆̂−

∫

Ω

BT
uαBNp dΩ∆p̂=

=

∫

∂ Ωt

NT
u t̄dΓ +

∫

Ω

NT
u%bdΩ−

∫

Ω

BT
uσ
′dΩ+

∫

Ω

BT
uαBp dΩ− uFoob

0

(5)

with

uFoob
0 =

∫

∂ Ωt

NT
u t̄0 dΓ +

∫

Ω

NT
u%0b0 dΩ−

∫

Ω

BT
uσ
′
0 dΩ+

∫

Ω

BT
uαBp0dΩ (6)
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∫

Ω

NT
p

αB

∆t
TBu dΩ∆̂+





∫

Ω

NT
p

S

∆t
Np dΩ+

∫

Ω

∇NT
p

K

µLR
∇Np dΩ



∆p̂=

=

∫

∂ Ωw

NT
p ṁn dΓ −

∫

Ω

NT
p SNp dΩ (p̂)′S−

∫

Ω

NT
pαB

TBu dΩ (̂)′S−
∫

Ω

∇NT
p

K

µLR
∇Np dΩ p̂+

+

∫

Ω

∇NT
p%LR

K

µLR
bdΩ− pFoob

0

(7)

with

pFoob
0 =

∫

∂ Ωw

NT
p ṁn0 dΓ −

∫

Ω

∇NT
p

K0

µLR0
∇Np dΩ p̂0+

∫

Ω

∇NT
p%LR0

K0

µLR0
b0 dΩ (8)

where initial rates are implicitly assumed to vanish. Otherwise, values for the rates at the initial state need
to be additionally provided. For now, the working hypothesis is that the initial state is a steady state.

Remark on the keyword structure: For a coupled process, the initial state treatment should be ac-
cessible individually for each governing equation, i.e. each iFoob

0 .

4 RM process

The mechanical residual is modified to

ru =

∫

Ω

�

B T
uσ− N T

u%b
�

dΩ−
∫

∂ Ωt

N T
u t̄ dΓ (9)

=

∫

Ω

�

B T
uσeff− N T

u%b
�

dΩ+

∫

Ω

B T
uαB(pGR−χ(SL)pcap) I dΩ−

∫

∂ Ωt

N T
u t̄ dΓ − uFoob

0 (10)

with

uFoob
0 =

∫

Ω

�

B T
uσeff0− N T

u%0b0

�

dΩ+

∫

Ω

B T
uαB(pGR0−χ(SL0)pcap0) I dΩ−

∫

∂ Ωt

N T
u t̄0 dΓ (11)

The hydraulic residual is modified such

rp =

∫

Ω

N T
p%LRaS∆t −1

�

SL(pGR− N p p̂t+1
L )−SL(pGR− N p p̂t

L)
�

dΩ+

∫

Ω

N T
p%LRap N p dΩ (p̂L)

′
S+ (12)

+

∫

Ω

N T
p SL%LRαB I T B u dΩ (û)′S+

∫

Ω

∇N T
p%LR

krel(SL)K
µLR

∇N p dΩ p̂L−

−
∫

Ω

∇N T
p%

2
LR

krel(SL)K
µLR

b dΩ−
∫

∂ Ωw

N T
p ṁL dΓ − pFoob

0 (13)

with

pFoob
0 =

∫

Ω

∇N T
p%LR0

krel(SL0)K 0

µLR0
∇N p dΩ p̂L0−

∫

Ω

∇N T
p%

2
LR0

krel(SL0)K
µLR0

b0 dΩ−
∫

∂ Ωw

N T
p ṁL0 dΓ (14)
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